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When the the shadow image of a supermassive black hole in the center of M87 was obtained
a new era in the observational astrophysics began. The resolution improvement would allow
to test extended gravity models at event horizon scales. We develop the method allowing to
take into account the black hole rotation in black hole shadow modelling. It is demonstrated
that the shadow of a black hole with a diameter smaller than 4RSw (RSw = 2M) cannot be
represented in the terms of pure Kerr-Newman metric. Therefore, the detection of a shadow of
such size would indicate that further expansions must be taken into account. This fact could
give new indications on the detailed form of the theory of gravity at the considered scales.
1. INTRODUCTION
The general theory of relativity (GR) is a generally accepted theory of gravity and provides
a correct description of the widest range of gravitational phenomena [1, 2]. The existence of
such phenomena as dark matter and dark energy testifies that GR correctly describes gravita-
tional phenomena not in the all range of space-time scales [3–5]. Therefore, the basic physical
principles for the modification of GR are widely discussed in the literature [6,7]. The spectrum
of such extended theories consists from various models of f(R) gravity, scalar-tensor theories,
including Horndeski models [8–10] and so on.
The model of extended gravity should be considered in the case of its better description
of gravitational phenomena, at least at some space-time scale. Models that pass solar system
tests are of particular interest. Namely, there are the models whose post-Newtonian (as well as
post-Keplerian) parameters are consistent with empirical data [1, 7, 11].
The first images of the supermassive black hole (BH) shadow in the center of the M87 galaxy
[12] open new possibility to test extended theories of gravity at the scales of event horizons
where there is hope to extract the corrections to GR, rapidly decreasing with distance [13,14].
The Schwarzschild metric (as the simplest model) can be extended to take into account the
tidal charge, appearing as a contribution of additional dimensions [15]. The Reissner-Nordstrom
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metric extended by the tidal charge can describe more BH configurations, since the sign of the
tidal charge is opposite to the electromagnetic one [16]. Such extension represents the addition
of the next expansion term against 1/r to the metric function. Generically the component g00
can be performed in the form of infinite series against 1/r. In fact, there are the Taylor ones,
where the numerical coefficients are defined by the theory under consideration. For example, in
the effective string gravity model with second-order curvature corrections (the Gauss-Bonnet
model [17, 18]) the numerical solution is approximated by such a polynomial.
Earlier, in Ref. [19] we investigated the consequences of a shadow model extension for the
non-rotating BH. Now we generalize the model by including of the BH rotation. It is necessary
to note that the rotation distorts the shape of the shadow, dividing the photon sphere into a
set of different orbits. So each point on the edge becomes a unique probe of the BH potential.
Therefore, it may become possible to determine or constraint the BH metrics parameters by
the shape of the shadow.
In paragraph 2 we discuss the generating of a rotating solution from the non-rotating one,
paragraph 3 is devoted to a shadow for a spinning BH, in paragraph 4 we discuss different
possible forms of shadows, and the section 5 contains our conclusions.
All calculations are presented in the Planck units G = c = ~ = 1.
2. SPINNING BLACK HOLE: METRIC
To obtain the metric of a rotating BH, we use the method proposed in [20] and developed
in [21]. With the help of the Newman-Janis algorithm [22] we can transform the metric
ds2 = −
(
1− 2m(r)
r
)
dt2 +
(
1− 2m(r)
r
)−1
dr2
+ r2(dθ2 + sin2 θdφ2) (1)
to the following one:
ds2 = −
(
1− 2m(r)r
ρ2
)
dt2 − 4m(r)ar sin
2 θ
ρ2
dφdt
+
ρ2
∆
dr2 + ρ2dθ2
+
(
r2 + a2 +
2m(r)a2r sin2 θ
ρ2
)
sin2 θdφ2, (2)
where:
ρ2 = r2 + a2 cos2 θ,
∆(r) = r2 − 2m(r)r + a2, (3)
a = J/M is the spin of a BH, M is its mass and J is its angular momentum. For
m(r) = M − Q
2
2r
, (4)
2
ЖЭТФ Shadows from spinning black holes in extended gravity
where Q is the electric charge. The discussed algorithm transforms the Reissner-Nordstrom
metric into the Kerr-Newman one [22, 23]. Therefore for the BH with the tidal charge one
obtains that
m(r) = M − q
2r
, (5)
where q is the tidal charge. In opposite to the Reissner-Nordstrom case q can be positive or
negative.
Further, it is important to note that in extended gravity model the Schwarzschild, Reissner-
Nordstrom and Kerr-Newman metrics do not always serve as exact solutions playing the role
of the leading order first approximation only. So, in the non-rotating case, when the metric is
established as infinite Taylor series against 1/r one can write:
g00 = 1−
C1
r
+
C2
r2
+
C3
r3
+ ..., (6)
where C1 is double BH mass, C2 is its charge(s). If C2 is not vanish its contribution decreases
with distance faster than C1 one. Such an effect appears to be significant in the strong gravi-
tational lensing and BH shadows. The first image of BH shadow is already obtained [12] but
the resolution is not enough to analyze the shape of the shadow. Therefore, one requires in
increased observational accuracy to extract additional corrections.
If one applies the Newman-Janis algorithm to Eq. (6), the resulting metric (2) would contain
the following term:
m(r) = M − q
2r
− C3
2r2
− ...− Cn
2rn−1
− .... (7)
We limit our consideration by C3.
3. THE SHADOW OF THE ROTATING BLACK HOLE
According to the Ref. [20] for constructing of the shadow of a rotating BH one needs in the
following functions:
ξ− =
4m0r
2
0 − (r0 + f0m0)(r20 + a20))
a(r0 − f0m0) ,
η− =
r30[4(2− f0)a2m0 − r0(r0 − (4− f0)m0)2]
a2(r0 − f0m0)2 ,
(8)
where
f0 = 1 +
m′(r0)r0
m(r0)
, (9)
3
S. O. Alexeyev, V. A. Prokopov ЖЭТФ
r0 represents the the photon orbit radius corresponding to the shadow edge. For each point the
value of r0 is unique therefore the coordinates [α, β] on the image plane looks like [20]:
α =
ξ−
sin θi
,
β = ±
√√√√η− + (a− ξ−)2 −(a sin θi − ξ−
sin θi
)2
,
(10)
where θi represents the angle between the rotational axis and the line of sight. The sign “ + ”
corresponds to the upper part of the shadow, and the sign “ - ” corresponds to the lower one.
To obtain the range of r0 corresponding to shadow edge it is necessary to solve the following
equation:
β2 = 0, (11)
and to take two maximal roots with β2 > 0 (see Fig.1). We did this numerically.
Fig. 1. The range of the value r0 where β2 > 0.
So, for the metric (2) with (7) the functions ξ− and η− take the following form:
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ξ− =
4r20ξA − (r20 + a2)ξB
aξC
,
η− =
r30[ηAa
2 − r0η2B]
a2η2C
, (12)
where
ξA = M −
q
2r0
− C3
2r20
− . . .− Cn
2rn−10
− . . . ,
ξB = r0 +M +
C3
2r20
+ . . .+
(n− 2)Cn
2rn−10
+ . . . ,
ξC = r0 −M −
C3
2r20
− . . .− (n− 2)Cn
2rn−10
− . . . ,
ηA = 4M −
4q
r0
− 6C3
r20
− . . .− 2nCn
rn−10
− . . . ,
ηB = r0 − 3M +
2q
r0
+
5C3
2r20
+ . . .
+
(n+ 2)Cn
2rn−10
+ . . . ,
ηC = r0 −M −
C3
2r20
− . . .− (n− 2)Cn
2rn−10
− . . . ,
To simplify the model we normalize the metric by the BH mass M . There the values of r and
a are measured in the units of M and Cn are measured in the units of Mn.
4. SHADOW ANALYZE
Here it is necessary to note that we define the “size of a shadow” as its diameter along the
axis of rotation. If the inclination angle is equal to θi = ±pi/2 the shadow size in the rotating
case becomes the same as for the non-rotating one (Fig.2). When this angle decreases the size
of the shadow decreases also (Fig.3). In the vanishing inclination (θi = 0) case the shadow
becomes circularly symmetrical (like in the non-rotating case) but slightly compressed due to
the rotation. Previously [19] we demonstrated that two non-rotating BHs with different pa-
rameters could have the same shadow size. In the rotating case each point of the shadow edge
can be treated as the image of the BH’s potential since it corresponds to the unique photon
orbit radius r0. If r0 range is growing, it becomes easier to find differences in BH potentials.
That is why the angle of inclination value equal to θi = ±pi/2 provides the best viewpoint for
the distant observer. In the case θi = 0 it is impossible to distinguish the shadow types due to
charge, spin, or extension parameters without any additional observations.
It is interesting to compare the shadow models of BH at θi = −pi/2 with different other
parameters. For example, Kerr BH (q = 0 and C3 = 0) and spinning one with q = 0.17 and
C3 = −0.5. Note that in the absence of a rotation their shadows are the same. The distance
5
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Fig. 2. The dependence of the shape of the shadows of a black hole during the rotation. The incli-
nation angle is equal to θi = −pi/2, the charge and the third correction are q = 0.17, C3 = −0.5
correspondingly. Dotted line represents the non-rotating case (a = 0), dashed one corresponds to
a medium rotating case a = 0.5, solid one is a fast rotation case a = 0.9. The rotation axis is
directed along β.
between the two corresponding points of the edges increases while the spinning moment be-
comes greater. At the spin value equal to a = 0.5 the maximum distance tends to 0.05M , which
represents about 0.5% of a shadow size. For a strongly rotating BH with a = 0.9 (Fig. 4) the
maximum distance tends to 0.2M (2% of the shadow size, about 1µas for Sag A* and M87*).
Therefore BHs with larger spin are better for extended gravity tests.
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Fig. 3. The dependence of the shape of the shadows of a black hole on the inclination angle.
Charge, third correction and spin of the black hole are q = 0.17, C3 = −0.5, a = 0.9. Dotted
line corresponds to the inclination angle θi = 0, dashed one corresponds to the inclination angle
θi = −pi/4, solid one corresponds to the inclination angle θi = −pi/2. The axis of rotation is
directed along β.
In opposite the worst position is: θi = 0. However, in the Kerr-Newman case the minimal
BH shadow size (we use “naked singularities” as the limit in our consideration) is reached at
q = 1, a = 0 which corresponds to 4RSw (Fig. 5). As we demonstrated earlier [19] in mini-
mally extended BH model the shadow sizes less than 4RSw appear. Such BH does not exist in
Kerr-Newman model and could be the indication of extended gravity appearance.
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Fig. 4. Black holes with the spin equal to a = 0.9 and the following parameters: dashed line
corresponds to q = 0.17, C3 = −0.5, solid one corresponds to q = 0, C3 = 0. The rotation axis is
directed along the β one, the inclination angle is equal to θi = −pi/2.
5. CONCLUSIONS
The resolution achieved by the Event Horizon Telescope in the M87 observation is equal to
about half of the shadow size (20µas), which is still not enough to measure the BH spin [12].
The improving of the resolution at further observations would allow to use them for testing
and/or selecting of extended gravity models, probably becoming some kind of PPN formalism
[1]. However, the unique cases could realize when the shadow size would be less than 4RSw and
for the shadow modeling it seems to be not enough to select between other possible reasons (for
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Fig. 5. The minimal sizes of the spinning BH shadow and different values of the tidal charge,
visible at the angle of inclination equal to θi = 0. Solid line corresponds to the minimum shadow
size of the Kerr black hole (q = 0, C3 = 0, a = 1). Dashed line corresponds to the minimum
Kerr-Newman black hole size (q = 1, C3 = 0, a = 0). Dotted line corresponds to a black hole
whose metric includes the third correction(q = 1.4, C3 = −0.5, a = 0.5).
example, [24,25]). Such BH shadows would show the importance of extended gravity theories.
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